Abstract. We show that if V and V ′ are two p-adic representations of Gal(Q p /Q p ) whose tensor product is trianguline, then V and V ′ are both potentially trianguline.
Introduction
The notion of a trianguline representation of G Qp = Gal(Q p /Q p ) was introduced by Colmez [Col08] in the context of his work on the p-adic local Langlands correspondence for GL 2 (Q p ). Examples of trianguline representations include the semi-stable representations of G Qp as well as the p-adic representations of G Qp attached to overconvergent cuspidal eigenforms of finite slope (theorem 6.3 of [Kis03] and proposition 4.3 of [Col08] ). The category of all trianguline representations of G Qp is stable under direct sums, tensor products, extensions, and duals. We refer the reader to the book [BC09] and the survey [Ber11] for a detailed discussion of trianguline representations. Let us at least mention the following analogue of the Fontaine-Mazur conjecture: if V is an irreducible 2-dimensional p-adic representation of Gal(Q/Q) that is unramified at ℓ for almost all ℓ = p, and whose restriction to a decomposition group at p is trianguline, then V is a twist of the Galois representation attached to an overconvergent cuspidal eigenform of finite slope. This conjecture is a theorem of Emerton ( §1.2.2 of [Eme11] ) under additional technical hypothesis on V . The trianguline property is in general a condition at p reflecting (conjecturally at least) the fact that a p-adic representation comes from a p-adic automorphic form. This theme is pursued, for example, in [Han17] , [Ber17] and [Con17] .
If K is a finite extension of Q p , we also have the notion of a trianguline representation of G K = Gal(Q p /K). We say that a representation V of G K is potentially trianguline if there exists a finite extension L/K such that the restriction of V to G L is trianguline.
The goal of this article is to prove the following theorem.
Theorem A. If V and V
′ are two non-zero p-adic representations of G Qp whose tensor product is trianguline, then V and V ′ are both potentially trianguline.
We now give more details about the contents of this article. The definition of "trianguline" can be given either in terms of (ϕ, Γ)-modules over the Robba ring, or in terms of B-pairs. In this article, we use the theory of B-pairs, which was introduced in [Ber08] . We remark in passing that B-pairs are the same as G K -equivariant bundles on the Fargues-Fontaine curve [FF18] . Let K be a finite extension of Q p . Let B + dR , B dR and B e = (B cris ) ϕ=1 be some of Fontaine's rings of p-adic periods [Fon94] . A B-pair is a pair
where W e is a free B e -module of finite rank endowed with a continuous semi-linear action of G K , and 
Let ∆ be a set of rank 1 B ⊗E |K -pairs. We say that a B ⊗E |K -pair is split ∆-triangulable if it is split triangulable, and the objects of rank 1 that come from the triangulation are all in ∆. Let ∆(Q p ) be the set of rank 1 B The proof of theorem B relies on the study of E ⊗ Qp B e -representations of G K as well as on the study of the slopes, weights and cohomology of B ⊗E |K -pairs. The ring E ⊗ Qp B e has many non-trivial units, which makes the study of B ⊗E |K -pairs more difficult than when E = Q p . Note finally that some of the results of this article already appear in [DM13] .
Reminders and complements
If K is a finite extension of Q p , let G K = Gal(Q p /K). Let E be a finite Galois extension of Q p such that K ⊂ E, and let Σ = Gal(E/Q p ). Let E 0 be the maximal unramified extension of Q p inside E. We have the following slope filtration theorem (see theorem 2.1 of [BC10] ).
The following proposition gathers the results that we need concerning slopes of B 
Proof. For (1), see theorem 6.10 and proposition 5.13 of [Ked04] . For (2), we can take determinants and assume that X and Y are of rank 1. The claim is then proposition 2.3 of [Ber08] . Item (3) follows from the fact that if X = Y ⊕ Z, then the set of slopes of X is the union of those of Y and Z (proposition 5.13 of [Ked04] ).
The ring B e,E
Recall that B e,E = E ⊗ Qp B e . In this section, we determine the units of B e,E and study the rank 1 B e,E -representations of G K . Let q = p h be the cardinality of the residue field
Proposition 2.1. We have an exact sequence
Proof. This follows from tensoring by E the usual fundamental exact sequence 0
and it is therefore enough to prove the proposition for
We have x j ∈ B e and x = h−1 i=0 n 0i x i . This shows that the map Q p h ⊗ Qp B e → B ϕ h =1 cris is surjective. We now show that it is injective. If α 1 ⊗ x 1 + · · · + α r ⊗ x r maps to 0, we can assume that r is minimal and that α 1 = 1. In this case, by applying ϕ, we get α i ∈ (Q p h ) ϕ=1 = Q p for all i and hence
Remark 2.3. The isomorphism of proposition 2.2 is
where n(g) is defined below.
Let π be a uniformizer of O E , and let χ π denote the Lubin-Tate character χ π :
The element t Id is also denoted by t π in [Ber16] , and it is the same as the element t E constructed in §9 of [Col02] . The usual t of p-adic Hodge theory is t = t Qp for π = p.
For each σ ∈ Σ, we have a map
followed by the natural injection of
Proposition 2.4. Let the notation be as above. 
The element u is then a unit of B e,E and every unit of B e,E is of this form up to multiplication by E × .
and then u = τ ∈Σ t nτ τ u n belongs to B e,E . The inverse of u is τ ∈Σ t
n which also belongs to B e,E , so that u ∈ B × e,E . We now show that every u ∈ B × e,E is of this form. Let n τ be the t-adic valuation in B dR of the τ -component
e,E and that τ ∈Σ u τ ∈ (B and there exists n τ ∈ Z with τ ∈Σ n τ = 0 and
/y is a crystalline character of G E , and hence of the form τ ∈Σ τ (χ π ) nτ η 0 where n τ ∈ Z and
If y ∈ B e,E , then ϕ E (y) = y so that τ ∈Σ n τ = 0 by (1) of proposition 2.4, so that Proof. The first assertion follows immediately from proposition 2.6. We now prove the second assertion. If δ :
n τ ∈ Z and η 0 : G E → E × is potentially unramified. Let n = {n τ } τ ∈Σ and u be the
where η u : G E → E × is unramified. The second assertion then follows from this.
A B e,E -representation of G K is a free B e,E -module of finite rank with a semi-linear and continuous action of 
Proof. If we choose a basis w of W , then g(w) = δ(g)w with δ(g) ∈ B
× e,E , so that δ(g) is of the form τ ∈Σ t nτ (g) τ u n(g) by proposition 2.5. Since δ(gh) = δ(g)g(δ(h)), (1) of proposition 2.4 implies that the maps n τ : G E → Z are continuous homomorphisms.
They are therefore trivial, and this implies that δ(g) ∈ E
× .
Remark 2.10. The character δ in proposition 2.9 is not unique, since it can be multiplied by any B e,E -admissible character of G E . 
Remark 2.11. If K = E, it is not necessarily true that every rank 1 B e,E -representation of G K is of the form B e,E (δ) for a character
By proposition 3.3, the exact sequence 0 
The claim follows by induction. 
Cohomology of B-pairs
The cohomology of B ⊗E |K -pairs is defined and studied in §2.1 of [Nak09] . We recall what we need. Let W be a B ⊗E |K -pair. Nakamura constructs an E-vector space
that has the following properties
it classifies the extensions of B ⊗E |K -pairs); (2) there is an exact sequence of E-vector spaces
is an E-vector space of dimension 1 or 0, depending on whether W is de Rham or not. Since W 
is injective. 
Since we have an exact sequence
the second arrow is injective. 
by hypothesis, the class of Y is trivial and hence W j = W j−1 ⊕ B(δ j ). The proposition follows by induction.
Proof of the main theorem
In this section, we prove theorem B. Let F be a finite extension of E of degree 2, and write F ⊗ E F = ⊕ i F i . There are at least two summands since F itself is one of them.
Proposition 5.1. Let F/E be as above, and let W be an 
Since X e (χη) = X e and X e (χ) = X e , we get X e (η) = X e . By taking determinants, we get that η n is B e,E -admissible. Since η n is potentially unramified, it is trivial. Hence η is a character of finite order of G E , and so there exists a finite extension
The space End(X e )(µ) contains B e,E (µ j ) ⊕ B e,E (µ i ), which is isomorphic to B e,E (µ j ) ⊕ B e,E (µ j ) after restricting to G L . Let f and g be the two resulting isomorphisms X e → X e (µµ We finish with an example of a representation V such that V ⊗ E V is trianguline, but V itself is not trianguline. This shows that the "potentially" in the statement of theorem A cannot be avoided. Let Q 8 denote the quaternion group. If p ≡ 3 mod 4, there is a Galois extension K/Q p such that Gal(K/Q p ) = Q 8 (see II.3.6 of [JY88] ). Choose such a p and K, and let E be a finite extension of Q p containing √ −1. The group Q 8 has a (unique) irreducible 2-dimensional E-linear representation, which we inflate to a representation V of G Qp . One can check that V ⊗ E V is a direct sum of characters, hence trianguline, and that the semi-linear representation Frac(B e,E ) ⊗ E V is irreducible. This holds for all E as above, so that V is not trianguline.
